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Abstract
We study the equivalence of mixed states under local unitary transformations in bipartite system
and three partite system. First we express quantum states in Bloch representation. Then based
on the coefficient matrices, some invariants are constructed in terms of the products, trace and
determinant of matrices. This method and results can be extended to multipartite high dimensional
system.
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I. INTRODUCTION
Quantum states of a composite system can be divided into entangled and separable. En-
tangled states are considered a necessary resource for quantum communication and quantum
computation [1]. Two entangled states are said to be equivalent in implementing the same
quantum information task if they can be obtained with certainty from each other via lo-
cal operation and classical communication (LOCC). Mathematically, this LOCC equivalent
class is defined such that within this class any two quantum states are interconvertible by
local unitary (LU) operators [2].
In recent years, there have been many results on the classification of quantum states
under LU. For pure bipartite states, the equivalence under LU can be done by Schmidt
decomposition [1]. For n-qubit pure states, a general way to determine the LU equivalence is
proposed by Kraus [3]. Later, this method is reformed by Liu to solve the LU classification of
high dimensional multipartite pure states [4]. For pure multipartite states, the classification
under LU is studied by [5, 6]. For mixed states, a necessary and sufficient criterion of the
LU equivalence for general multipartite states based on matrix realignment is presented in
Ref. [7]. In Ref. [8], a computable criterion based on Bloch representation is presented for
n-qubit mixed states. By this method, we also considered LU equivalence of isotropic-like
states [9]. Ref. [10] derives some necessary and sufficient conditions for arbitrary multi-mode
(pure or mixed) Gaussian states to be equivalent under Gaussian local unitary operations.
Ref. [11] discusses the LU problem of graph states and hypergraph states.
Another method to study the LU equivalence of quantum states is invariant. There have
many results on calculation of invariants related to the equivalence of quantum states under
LU transformations. In Ref. [12], a complete set of 18 polynomial invariants is presented for
the local unitary equivalence of two-qubit mixed states. Partial results have been obtained
for three-qubit states [13] and some generic mixed states [14–17]. For mixed states, Ref.
[18] solves the local unitary equivalence problem of arbitrary dimensional bipartite nonde-
generated quantum systems by presenting a complete set of invariants. Recently, Ref. [19]
derives necessary and sufficient conditions for the LU equivalence of two general n-qubit
states using the 1-qubit reduced states of the given multiqubit states. Ref. [20] presents a
complete set of local unitary invariants for generic multi-qubit systems which gives necessary
and sufficient conditions for two states being local unitary equivalent. These invariants are
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canonical polynomial functions in terms of the generalized Bloch representation of quantum
states.
In this article we consider the LU problem for quantum states in terms of Bloch repre-
sentation in bipartite system and three partite system. We give a series of invariants by
the coefficient matrices under Bloch representation, which are necessary conditions for the
LU equivalence. This method and result can be extended to multipartite high dimensional
system.
II. LU INVARIANTS OF BIPARTITE QUANTUM STATES
Now, we consider bipartite systems in a d1 × d2 dimensional Hilbert space H
d1
A ⊗ H
d2
B .
Two bipartite states ρ and ρ′ are said to be local unitary equivalent if there exist unitary
operators U1 ∈ SU(d1), U2 ∈ SU(d2) such that
ρ′ = (U1 ⊗ U2)ρ(U1 ⊗ U2)
†. (1)
For simplicity, we use λ1i , λ
2
j , i = 1, 2, · · · , d
2
1 − 1, j = 1, 2, · · · , d
2
2 − 1 to denote the
generators of SU(d1) and SU(d2). In general, bipartite mixed states ρ and ρ
′ acting on
Hd1A ⊗H
d2
B can be decomposed in the following way:
ρ =
1
d1d2
I ⊗ I +
∑
i
Siλ
1
i ⊗ I +
∑
j
TjI ⊗ λ
2
j +
∑
ij
Rijλ
1
i ⊗ λ
2
j , (2)
ρ′ =
1
d1d2
I ⊗ I +
∑
i
S ′iλ
1
i ⊗ I +
∑
j
T ′jI ⊗ λ
2
j +
∑
ij
R′ijλ
1
i ⊗ λ
2
j , (3)
where S
(′)
i = Tr(ρ
(′)λ1i ⊗ I), T
(′)
j = Tr(ρ
(′)I ⊗ λ2j ), R
(′)
ij = Tr(ρ
(′)λ1i ⊗ λ
2
j ), S
(′) = (S
(′)
i ) is
a d21 − 1 dimensional vector, T
(′) = (T
(′)
i ) is a d
2
2 − 1 dimensional vector, R
(′) = (R
(′)
ij ) is a
(d21 − 1)× (d
2
2 − 1) matrix.
Lemma 1 Let U ∈ SU(d), λi be the generator of SU(d). Then
UλiU
† =
d2−1∑
j=1
Oijλj (4)
hold for i = 1, 2, · · · , d2 − 1, where the matrix (Oij) ∈ SO(d
2 − 1).
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Proof: Firstly,
(UλiU
†)† = Uλ†iU
† =
∑
O¯ijλ
†
j =
∑
O¯ijλj.
Secondly,
(UλiU
†)† = Uλ†iU
† = UλiU
† =
∑
Oijλi.
These two equations deduce to Oij = O¯ij and Oij ∈ R, where O¯ij means conjugate of Oij.
Then due to
tr(λiλj) = 2δij,
it has
tr((UλiU
†)(UλjU
†)) = tr(UλiλjU
†) = tr(λiλj) = 2δij .
Since {λi} is an orthogonal basis of traceless Hermitian matrix of order d, so UλiλjU
† is
also an orthogonal basis.
Finally, we can get that
(Uλ1U
†, · · · , Uλd2−1U
†) = (λ1, · · · , λd2−1)O
t, (5)
where Ot is a transitional matrix between the orthogonal bases λi and UλiλjU
†, Ot is the
transposition of O. So Ot and O are real orthogonal matrices that ends the proving.
Lemma 2 Two mixed states ρ and ρ′ are local unitary equivalent if and only if there are
special orthogonal matrices O1 ∈ SO(d21 − 1), O
2 ∈ SO(d22 − 1) such that
S ′ = (O1)tS, T ′ = (O2)tT, R′ = (O1)tRO2. (6)
Proof:
ρ′ = (U1 ⊗ U2)ρ(U1 ⊗ U2)
†
=
1
d1d2
I ⊗ I +
∑
i=1
Si(U1λ
1
iU
†
1 ⊗ I) +
∑
i=1
Ti(I ⊗ U2λ
2
iU
†
2 )
+
∑
i,j=1
Rij(U1λ
1
iU
†
1)⊗ (U2λ
2
jU
†
2)
=
1
d1d2
I ⊗ I +
∑
i=1
∑
j=1
SiO
1
ijλ
1
j ⊗ I +
∑
i=1
∑
j=1
TiO
2
ijI ⊗ λ
2
j
+
∑
i,j=1
RijO
1
ikO
2
jlλ
1
k ⊗ λ
2
l
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Comparing the end of above equality and Eq. (3), we can obtain that S ′ = (O1)tS.
Similarly, we also arrive at T ′ = (O2)tT and R′ = (O1)tRO2, where O
1 ∈ SO(d21 − 1),
O2 ∈ SO(d22 − 1).
Based on the coefficient matrices S, R, and T , we can construct the following invariants
for quantum states under the local unitary equivalence.
Theorem 1 If two states ρ and ρ′ are local unitary equivalent, then they have the same
values for the following four sets of invariant:
(i) St(RRt)αS, St(RRt)αRT, α = 0, 1, · · · , d21 − 2;
(ii) T t(RtR)αT, α = 0, 1, · · · , d22 − 2;
(iii) tr(RRt)β, β = 1, 2, · · · , d21 − 1;
(iv) detR when d1 = d2.
(7)
Proof: First we construct two sets of vectors,
Ω1 =
{
S,RT,RRtS,RRtRT, (RRt)2S, (RRt)2RT, · · ·
}
,
Ω2 =
{
T,RtS,RtRT,RtRRtS, (RtR)2T, (RtR)2RtS, · · ·
}
.
(8)
The first set is consisted by d21 − 1 dimensional vectors and the second set is consisted by
d22 − 1 dimensional vectors. Although there are infinite elements in sets Ωi, there are at
most d2i − 1 linear independent vectors, i = 1, 2. Under local unitary transformations, one
can verify the inner product of two elements in Ωi is invariant, that is, 〈µk, µl〉 = trµ
†
kµl is
invariant for µk ∈ Ωi, i = 1, 2. Employing these two sets Ω1 and Ω2, we get S
t(RRt)αS,
St(RRt)αRT , T (RtR)αT are invariants.
Next, we only need to determine the scope of α. Because RRt is a (d21 − 1) × (d
2
1 − 1)
matrix, by Cayley-Hamilton theorem we can arrive at that
(RRt)d
2
1
−1 = e1(RR
t)d
2
1
−2 − e2(RR
t)d
2
1
−3 + · · ·+ ed2
1
−2(RR
t)− ed2
1
−1I,
where ei is a polynomial about the eigenvalues of RR
t. Hence (RRt)d
2
1
−1 is a linear combina-
tion of (RRt)d
2
1
−2, (RRt)d
2
1
−3, · · · , (RRt), I. So there are at most d21 − 1 linear independent
vectors in the sets of {(RRt)α}. Then we have α = 0, 1, 2, · · · , d21 − 2 for the first set of
invariants. Similarly, it is easy to obtain the scope of powers of the second set of invariants.
Now we check the third set of invariants. Let µi be the eigenvalue of RR
t and µ′i be
the eigenvalue of R′R′t, then tr(RRt)β =
∑d2
1
−1
i=1 µ
β
i . We all know that the characteristic
5
polynomial of RRt is | µiI −RR
t |,
| µ′iI −R
′R′t |
=| µ′iI − (O
1)tRO2(O2)tRtO1 |
=| µ′iI − (O
1)t(RRt)O1 |
=| (O1)t(µ′iI − RR
t)O1 |
=| (O1)t || µ′iI − RR
t || O1 |
=| (O1)tO1 || µ′iI −RR
t |
=| µ′iI − RR
t | .
so µi = µ
′
i, which is the singular value of R. The invariance of singular values of R is
equivalent to the invariance of tr(RRt)β. Next we need to determine the scope of β. Because
RRt is a (d21 − 1)× (d
2
1 − 1) matrix, there are at most d
2
1 − 1 nonzero eigenvalues. Therefore
we need at most d21 − 1 equations about µi, then β is at most equal to d
2
1 − 1.
At last, when d1 = d2, R is a square matrix. Then detR
′ = det((O1)tRO2) =
det(O1)t detR detO2 with O1, O2 ∈ SO(d21 − 1), and det(O
1)t = detO2 = 1. Therefore
detR′ = detR.
III. LU INVARIANTS OF THREE PARTITE QUANTUM STATES
Now, we consider three partite systems in a d1 × d2 × d3 dimensional Hilbert space
HA ⊗HB ⊗HC . Two three partite states ρ and ρ
′ are said to be local unitary equivalent if
there exist unitary operators U1 ∈ SU(d1), U2 ∈ SU(d2) and U3 ∈ SU(d3) such that
ρ′ = (U1 ⊗ U2 ⊗ U3)ρ(U1 ⊗ U2 ⊗ U3)
†. (9)
In general, mixed states ρ and ρ′ acting on HA ⊗ HB ⊗ HC can be decomposed in the
following way:
ρ =
1
d1d2d3
I⊗I⊗I+
∑
i
∑
m
Smi λ
m
i ⊗I⊗I+
∑
i,j
∑
m,n
Tmnij λ
m
i ⊗λ
n
j⊗I+
∑
ijk
Rijkλ
1
i⊗λ
2
j⊗λ
3
k, (10)
ρ′ =
1
d1d2d3
I⊗I⊗I+
∑
i
∑
m
S
′m
i λ
m
i ⊗I⊗I+
∑
i,j
∑
m,n
T
′mn
ij λ
m
i ⊗λ
n
j ⊗I+
∑
ijk
R′ijkλ
1
i ⊗λ
2
j⊗λ
3
k,
(11)
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where S
(′)m
i = Tr(ρ
(′)λmi ⊗ I ⊗ I), T
(′)mn
ij = Tr(ρ
(′)λmj ⊗ λ
n
j ⊗ I), R
(′)
ijk = Tr(ρ
(′)λ1i ⊗ λ
2
j ⊗ λ
3
k),
λmi the generator of SU(dm), i = 1, 2, · · · , d
2
m − 1, m = 1, 2, 3. Here S
(′)m is a d2m − 1
dimensional vector, T (′)mn is a (d2m− 1)× (d
2
n− 1) dimensional vector, m,n = 1, 2, 3. R is a
hypermatrix. If we regard its first subscript as the row index and the other two as column
index, then R can be written as R1|23. If we regard the second subscript as the row index
and the other two as column index, then R can be written as R2|13. At last, if we regard the
third subscript as the row index and the other two as column index, then R can be written
as R3|12.
By the method which is similar to the proof of Lemma 2, we can obtain
S ′1 = (O
1)tS1,
S ′2 = (O
2)tS2,
S ′3 = (O
3)tS3,
T ′12 = (O
1 ⊗O2)tT12,
T ′13 = (O
1 ⊗O3)tT13,
T ′23 = (O
2 ⊗O3)tT23,
R′1|23 = (O
1)tR1|23(O
2 ⊗O3),
R′2|13 = (O
2)tR2|13(O
1 ⊗O3),
R′3|12 = (O
3)tR3|12(O
1 ⊗O2).
Based on these relations of coefficient matrices of ρ and ρ′, we first define six sets of matrices
as follows.
〈Ω1〉 =
{
S1, R1|23T23, R1|23R
t
1|23S1, R1|23R
t
1|23R1|23T23, · · ·
}
,
〈Ω2〉 =
{
S2, R2|31T31, R2|31R
t
2|31S2, R2|31R
t
2|31R2|31T31, · · ·
}
,
〈Ω3〉 =
{
S3, R3|12T12, R3|12R
t
3|12S3, R3|12R
t
3|12R3|12T12, · · ·
}
,
〈Ω2 ⊗ Ω3〉1|23 =
{
T23, R
t
1|23S1, R
t
1|23R1|23T23, R
t
1|23R1|23R
t
1|23S1, · · ·
}
,
〈Ω1 ⊗ Ω3〉2|13 =
{
T13, R
t
2|13S2, R
t
2|13R2|13T13, R
t
2|13R2|13R
t
2|13S2, · · ·
}
,
〈Ω1 ⊗ Ω2〉3|12 =
{
T12, R
t
3|12S3, R
t
3|12R3|12T12, R
t
3|12R3|12R
t
3|12S3, · · ·
}
.
Here the set Ωm is consisted by d
2
m − 1 dimensional vectors and Ωm ⊗ Ωn is consisted by
(d2m − 1)× (d
2
n − 1) dimensional vectors, m,n = 1, 2, 3.
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Theorem 2 If two three partite quantum states are local unitary equivalent, then they have
the same values of the following invariant:
(i) St1(R1|23R
t
1|23)
α1S1, S
t
1(R1|23R
t
1|23)
α1R1|23T23, α1 = 0, 1, · · · , d
2
1 − 2,
St2(R2|13R
t
2|13)
α2S2, S
t
2(R2|13R
t
2|13)
α2R2|13T13, α2 = 0, 1, · · · , d
2
2 − 2,
St3(R3|12R
t
3|12)
α3S3, S
t
3(R3|12R
t
3|12)
α3R3|12T12, α3 = 0, 1, · · · , d
2
3 − 2,
T t12(R
t
3|12R3|12)
α12T12, α12 = 0, 1, · · · , (d
2
1 − 1)× (d
2
2 − 1)− 2,
T t23(R
t
1|23R1|23)
α23T23, α23 = 0, 1, · · · , (d
2
2 − 1)× (d
2
3 − 1)− 2,
T t13(R
t
2|13R2|13)
α13T13, α13 = 0, 1, · · · , (d
2
1 − 1)× (d
2
3 − 1)− 2;
(ii) tr(R1|23R
t
1|23)
β1, β1 = 1, 2, · · · , d
2
1 − 1,
tr(R2|13R
t
2|13)
β2, β2 = 1, 2, · · · , d
2
2 − 1,
tr(R3|12R
t
3|12)
β3, β2 = 1, 2, · · · , d
2
2 − 1,
tr(T12T
t
12)
β12 , β12 = 1, 2, · · · , (d
2
1 − 1)× (d
2
2 − 1)− 1,
tr(T23T
t
23)
β23 , β23 = 1, 2, · · · , (d
2
2 − 1)× (d
2
3 − 1)− 1,
tr(T13T
t
13)
β13 , β13 = 1, 2, · · · , (d
2
1 − 1)× (d
2
3 − 1)− 1.
(12)
Proof: For the first set of quantities, one can verify they are invariant under local
unitary transformations considering the invariance of inner product of two elements in Ωm
and Ωm ⊗ Ωn, m,n = 1, 2, 3. For example,
St1
′
(R1|23
′(R′t1|23))
α1S1
′
=St1O
1((O1)tR1|23(O
2 ⊗O3)(O2 ⊗O3)tRt1|23O
1)α1(O1)tS1;
=St1(R1|23(R
t
1|23))
α1S1
St1
′
(R1|23
′
R′t1|23)
α1R1|23
′T ′23
=St1O
1((O1)tR1|23(O
2 ⊗O3)(O2 ⊗O3)tRt1|23O
1)α1(O1)tR1|23(O
2 ⊗ O3)(O2 ⊗ O3)tT23
=St1(R1|23R
t
1|23)
α1R1|23T23;
The scope of powers αm and αmn can be easily derived by the orders of the coefficient
matrices and Cayley-Hamilton theorem.
In three partite systems, the coefficient matrices T and R can be represented in more
than one way. For example, we can regard T12 as a vector or a matrix with the first subscript
as the row index and the second as the column index. More than that, we can also regard
R123 as a matrix or a large dimensional vector. The transformations of these matrices under
local unitary transformations are related for different representations. For coefficient matrix
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T12, if we regard it as a vector, then under local unitary transformations it is changed to
(O1 ⊗O2)tT12. If we regard it as a matrix with the first subscript as the row index and the
second as the column index, then it is changed to (O1)tT12O
2. Now we regard Tmn as matrix
instead of vector and get the following invariants.
Theorem 3 If two three partite quantum states are local unitary equivalent, then they have
the same values of the following invariant:
(i) St1(T12T
t
12)
α1S1, α1 = 0, 1, · · · , (d
2
1 − 1)× (d
2
1 − 1)− 2,
St2(T23T
t
23)
α2S2, α2 = 0, 1, · · · , (d
2
2 − 1)× (d
2
2 − 1)− 2,
St3(T31T
t
31)
α3S3, α3 = 0, 1, · · · , (d
2
3 − 1)× (d
2
m − 1)− 2;
(ii) det Tij when di=dj, i, j = 1, 2, 3.
(13)
Proof: When we regard Tmn as matrix instead of vector, we know that T
′
12 = O
t
1T12O2,
T ′31 = O
t
3T31O1, T
′
23 = O
t
2T23O3. So it is easy to verify the above two conclusions.
IV. CONCLUSION AND DISCUSSIONS
We studied the local unitary equivalence of quantum states in terms of invariants. In
bipartite system, we expand quantum states in Bloch representation first. Then some in-
variants under local unitary transformation are constructed by the products, the singular
values and the determinant of coefficient matrix. Similarly, we get the invariants for three
partite system. This method and result can be generalized to high dimensional multipartite
system.
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